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HIGHER WEIERSTRASS POINTS ON Xy(p)

SCOTT AHLGREN AND MATTHEW PAPANIKOLAS

ABSTRACT. We study the arithmetic properties of higher Weierstrass points
on modular curves Xo(p) for primes p. In particular, for r € {2,3,4,5}, we
obtain a relationship between the reductions modulo p of the collection of
r-Weierstrass points on Xo(p) and the supersingular locus in characteristic p.

1. INTRODUCTION AND STATEMENT OF RESULTS

Suppose that X is a smooth projective algebraic curve over C of genus g > 2. Let
Qx denote the sheaf of holomorphic 1-forms on X and let r be a positive integer.
Then let H"(X) := H°(X,Q%") denote the space of holomorphic r-differentials on
X and let

dy(X) := dim¢c(H"(X)).
It follows from the Riemann-Roch theorem that
if r=1,
(L.1) d(X) = {7 .
2r—1(g-1) if r>2.
A point @ € X is called an r-Weierstrass point if there exists a holomorphic non-
zero r-differential w on X with the property that
ordg w > d.(X).
Suppose now that @ € X and that {w,...,wq, (x)} is a basis for H"(X) such that
0 =ordg w; <ordg wp < --- < ordg W, (X)-
Then we define the Weierstrass weight of @) with respect to H"(X) as
dr(X)
(1.2) Wt (Q) := Y (ordg(w;) — j + 1).
j=1
This definition is independent of the choice of basis for H"(X). Moreover, wt,.(Q)
is positive if and only if @ is an r-Weierstrass point, and we have

(1.3) > wte(Q) = dr(X)(g — 1)(2r — 1+ dr(X)).

QeX
Therefore, for each r > 1, the set of r-Weierstrass points is a finite, non-empty set of
distinguished points on X. We remark that when g < 2 there are no r-Weierstrass
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points for any r. For these and other general facts about Weierstrass points, one
may consult, for instance, Chapter IIT of Farkas and Kra [F-K].

Higher Weierstrass points play an important role in the theory of algebraic
curves. For example, one can use them to construct projective embeddings for
moduli spaces of curves. Mumford has suggested that, on a curve of genus g > 2,
r-Weierstrass points are analogous to r-torsion points on an elliptic curve (see §A.I-
IT of [M], or [Si]). Higher Weierstrass points are also important in the arithmetic
of algebraic curves and their Jacobians; see for example Burnol [B].

In this paper we study the arithmetic of Weierstrass points on modular curves
of level p for primes p. As usual, define the congruence subgroup I'o(p) by

To(p) == {((z 2) €SLy(Z) : ¢=0 (mod p)}7
and denote by H the upper half-plane of complex numbers. Define

Yo(p) :=Lo(p)\H,

and let the modular curve Xo(p) be the compactification of Yy(p) obtained by
adding cusps at 0 and oo. Then Xy(p) can be given the structure of a smooth
projective curve defined over Q (see, for example, §6.7 of [Shl]). The genus of Xy (p)
grows linearly with p. To be precise, define the function m(k) for k € N by

(k) = {Lk/mj ifk#£2 (mod 12),

(1.4) ]
|k/12] —1 if k=2 (mod 12);

then the genus g, of Xo(p) is given by

Properties of 1-Weierstrass points (or simply Weierstrass points) on modular
curves have been studied by a number of authors. See, for example, papers by
Atkin [At], Lehner and Newman [L-N], Ogg [O1], [O02], and Rohrlich [RI], [R2].
In more recent work [A-QO], the first author and Ono showed that the collection
of Weierstrass points on Xy (p), when reduced modulo p, covers the supersingular
locus in characteristic p with multiplicity gf, — gp- To describe this result precisely
requires the introduction of some notation. Throughout we agree that ¢ := 272,
Let

G(2) = q t + 744 4+ 196884q + - - -
be the usual elliptic modular function on SLy(Z) (by a slight abuse of notation, we
shall also speak of j(E) for elliptic curves E and of j(Q) for points Q € Yy(p); for
the latter we take j(7), where 7 € H is any point which corresponds to ¢ under the
standard identification). The supersingular polynomial in characteristic p is given
by

(1.6) Spw) = I  @—iE),
sup(ié?npgular

where the product runs over Fp—isomorphism classes of elliptic curves. Then Sy (z) €
F,[x], and Sy (z) splits completely over F,2. Define the polynomial

B = [ @-i@ra@

QEXo(p)
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(this definition makes sense, since it is known [O2] that the cusps of T'g(p) are not
Weierstrass points). In [A-O] the following result is obtained.

Theorem 1 ([A=O], Theorem 1]). If p is prime, then Fy,(x) has p-integral rational
coefficients and satisfies

Fy(z) = Sp(2)% % (mod p).

The goal in the present paper is to investigate similar phenomena related to
higher Weierstrass points on Xo(p). Here there are complications which are not
present in the previous case. For example, the cusps can be (and often are) Weier-
strass points. Moreover, the p-integrality (or non-p-integrality) of the analogue of
the polynomials F),(z) becomes an issue. In the case of 1-Weierstrass points, the
bijection between the space H'(Xo(p)) and the space of weight-two cusp forms on
To(p) plays a crucial role; the absence of such a bijection in the current situation
is to blame for these complications.

If p is prime and r > 2, then we define the polynomial

(1.7) FP@) = [ @-ji@)@.

Q€Yo(p)

By ([CI) and (I3), and using the fact that 0 and oo are interchanged by the Atkin-
Lehner involution, we see that

deg(Flgr)(x)) = (2r— 1)2(911 - 1)291) — 2wty (00).

Further, we define the polynomial Sj(z) € Fy[x] by

(18) Si(a) = 11 (z — J(E)).
E/F,
supersingular isom. class
j(E)#0,1728

Then we have the simple relationship

S;(x) ifp=1 (mod 12),
(1.9) Sp(@) = (w—1728)-Si(x)  ifp=7 (mod 12),

r(z —1728)- Sy(z) ifp=11 (mod 12).

We obtain an analogue of Theorem 1 for r-Weierstrass points (2 < r < 5) on the
curves Xo(p) under the assumption that H"(Xo(p)) is good at p. This assumption
is necessary to ensure that the polynomial F,ST) (z) has p-integral coefficients, and
is described completely in the next section. Although there are some spaces which
fail to be good, computations suggest that this condition is almost always satisfied.
For example, the only space H2(Xo(p)) which fails to be good with p < 800 is
H?(X0(373)).
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Suppose that r > 2 and that p is a prime with p > 23 (this ensures that g, > 2).
Then we define the polynomial

(1.10)

Jp.r(2)
1 ifp=1 (mod 12),
2TE2r=12(g,-1)(g,~2)] ifp=5 (mod 12),
(x — 1728)3 (@r—1*(9p=1)(9,~2) ifp=7 (mod 12),

2l3Cr=D*(g=D(r=21(z — 1728)2 @ =D’ (9»-D(9%-2)  if p =11

—~

mod 12).
With this notation we can state our main result.

Theorem 2. Suppose that p > 23 is prime and that 2 < r < 5. Suppose that
H"(Xo(p)) is good at p. Then F,gr)(x) has rational p-integral coefficients, and there
ezists a polynomial H(x) € Fplz] such that

2
FIE”")(J:) =H(z) - fpr(x)- 5;(33)(27"—1) (9p=D(9p=2)  (mod »).
Examples. When p = 53, we have g, =4 and wty(co) = 0. We have
Ss3(x) = z(x + 3)(x + 7)(2* + 502 + 39) = - Si;(2)

and
Fi2(z) = Ss3(2)® - 2'® - Hy(z) (mod 53),

where H;(z) is the square of a polynomial of degree 18.
When p = 61, we have g, = 4 and wtz(c0) = 2. We have

Se1(z) = (x + 11)(z + 20)(z + 52)(2* + 38z + 24) = S, ()

and
Fe(f) (z) = Se1(x)* - Ha(x) (mod 61),

where Hs(z) is the square of a polynomial of degree 25.

Remark 1. In view of (Ld) and (CI0), Theorem 2 shows that Fér)(m) is divisible
by a large power of the full supersingular polynomial S,(x). Computations suggest
that the powers of x and x — 1728 present in the definition of f, () may in fact
typically be replaced by larger powers of these factors. However, we lack sufficient
numerical evidence to make a precise conjecture about the correct power (possibly
the full power) of Sp(z) that divides F,ET)(Q:). To obtain precise information about
this would require a finer analysis of the modular form G(z) which appears in
Section 5.

Remark 2. The fact that the polynomials H; and Hy described in the examples are
squares is explained by (GIT]) below. In each case, these polynomials are coprime
to Sp(x) in Fp[z]. Their square roots are not irreducible.

In the next two sections we describe what it means for a space of differentials
to be good and the connection to p-integrality. In Section 4 we prove some general
results (which extend results of Serre) concerning congruences modulo p between
modular forms on I'g(p) and those on SLo(Z). Section 5 contains the proof of
Theorem 2. At the end of Section 3 we pause to give a brief overview of the proof.
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2. THE DEFINITION OF GOOD

Fix an integer r > 2 (eventually we will specialize to r € {2,3,4,5}), and, using

(), set
d:=d.(Xo(p)) = 2r —1)(gp — 1).
If k£ is an even integer, then we denote by M} and Sy the spaces of holomorphic
modular forms and cusp forms of weight k on I' := SLy(Z), and we denote by
M5 (To(p)) and Sk(I'o(p)) the analogous spaces on I'g(p). Throughout the paper we
shall identify a modular form f(z) with its Fourier expansion f(z) =Y.~ a(n)g"
at oo. Let S5 .(I'o(p)) be the subspace of Sa,.(T'g(p)) corresponding to H"(Xo(p))
under the usual identification
Meromorphic modular forms Meromorphic r-differentials

(2.1) { of weight 2r on I'g(p) } - { on Xo(p) }

flz)  —  w=[f(2)(d2)".
Then H"(Xo(p)) has a basis {w1,...,wq} over C, where
wi= By, 1<i<d,
with
fi(z) € S5,.(To(p)) NQ[q], 1<i<d.

This basis can be uniquely determined by requiring further (as we shall) that these
modular forms have Fourier expansions of the form

fi(z) = ¢ +0(g" ),
f2(2) = ¢ + O(¢"™ ™),

(2.2)
fa(z) = ¢+ O(g"*),
where
(2.3) r=rp<rg<rg<---<rq,
and
(2.4) the coefficient of ¢ in f; is 0 if ¢ # j.

Definition 2.1. We call H"(Xy(p)) good at p if the modular forms f1, ..., f4 given
in (Z2)-(Z4) have p-integral Fourier coefficients.

The question of whether or not a space H" (Xo(p)) is good at p is quite interesting
(this question is related to a discussion of Elkies and Atkin (see p. 55 of [E])
regarding lifting modular forms in characteristic p to those in characteristic zero).
In particular, computations suggest that most (but not all) such spaces are good.
Here we record the results of our computations; these were carried out in MAGMA
using the modular forms package developed by W. Stein [B-C-P].

Proposition 2.2.

(1) HQ(Xo(p)) is good at p for 23 < p < 800 with the exception of p = 373.

(2) H3(Xo(p)) is good at p for 23 < p < 800 with the exception of p = 373,643.
(3) H*(Xo(p)) is good at p for 23 < p < 800.

(4) H*(Xo(p)) is good at p for 23 < p < 400 with the exception of p = 379.
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3. THE WRONSKIAN AND p-INTEGRALITY

From the general theory of Riemann surfaces (see, for example, §I111.5 of [F-K]),
it is known that the collection of r-Weierstrass points on Xy(p), together with
their weights, is determined by the divisor of a certain differential on Xo(p). In
particular, if {hy,...,hq} is any basis for S5 (To(p)), we define

M ) e
(31) Wi, ha)(2) = . | |
RODG) REIG) e hED()

We define the Wronskian W(z) as the unique scalar multiple of W(hq,...,hq)(2)
whose leading Fourier coeflicient equals 1. In this way W(z) is independent of
the particular basis and is a cusp form on I'g(p) whose weight (using Proposition
I11.5.10 of [F-K] and (L)) is

d2r +d—1) = g,(g, — 1)(2r — 1)

The importance of the Wronskian arises from the fact that
(3.2) div (W(z)(dz)%971(9“1)(2“1)2) = Y w(QQ.
QEXo(p)
Our next lemma gives one consequence of the existence of a good basis for
H"(Xo(p))-

Lemma 3.1. Suppose that 2 < r < 6, and let p be a prime such that H"(Xo(p))
is good at p. Then W € S, (g _1)2r—1)2(L'o(p)) has rational p-integral Fourier
coefficients.

Remark. When p = 373 and r = 2 (so that H"(Xo(p)) is bad at p) we find that the
Wronskian W indeed has non-p-integral coefficients.

Proof. Suppose that H"(Xo(p)) is good at p, and that {f1,..., f4} is a basis of
S5.(To(p)) satistying Z2)—(2Z4). Then, if § := qd% denotes the usual differential

operator on modular forms, we see that

fr fa fa

d(d—1 ¢ 0 0

(33)  W(fieeo, fa) = (2mi) = fl TQ {td
R A

d(d—1)

It follows that the Fourier expansion of (ﬁ) = W(f1,...,fq) has p-integral ra-
tional coefficients, and that the coefficient of the first term in this expansion is given
by the Vandermonde determinant

1 1 1

1 T2 Td
(3.4) V=

Y R

To prove the lemma it will therefore suffice to show that none of the differences
r; —r; for i # j is a multiple of p. It is known that the total number of zeros of
a non-zero holomorphic modular form of weight & on T'g(p) (as measured in local
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variables) is given by £ (p+1) (see, for example, §V.2.4 of [Sc]). If r € {2,3,4,5,6},
we conclude from this that

ri—rj<rp—r<p-—1 if i>j,
from which the lemma follows immediately. O

We now give a brief outline of the proof of Theorem 2. In the case of 1-Weierstrass
points, Rohrlich [R2] used the isomorphism between H!(Xg(p)) and S2(T'o(p)) to
obtain a precise description of the Wronskian W(z) (mod p) as a modular form
modulo p on SLy(Z). In the present situation we lack such precise information
about W(z) (mod p). However, we can show, using the results which we develop
in the next section, that W(z) (mod p) is the reduction modulo p of a modular
form G(z) on SL2(Z) of relatively low weight. It can also be shown that W?(2)
(mod p) is the reduction modulo p of a modular form W(z) on SLy(Z) of high
weight; moreover, the form VNV(Z) has the property that its divisor retains much of
the crucial information about Weierstrass points which is contained in the divisor
of W(z). Theorem 2 will follow from the discrepancy in the weights of the forms
G?(z) and )/NV(Z) An important ingredient is the fact (due to Deligne) that the
Eisenstein series E,_1(z) is congruent to the Hasse invariant in characteristic p;
in other words, the supersingular j-invariants in characteristic p are precisely the
values of the j function at the zeros of E,_;.

4. CONGRUENCES BETWEEN SPACES OF MODULAR FORMS

In this section we will develop some generalities on congruences modulo p be-
tween modular forms on T'g(p) and those on SLy(Z). In particular, we generalize
the well-known fact (due to Serre [Se]) that the reductions modulo p of the spaces
M;5(To(p)) and Mpy; are the same. Because they are of independent interest, we
state results which are slightly more general then what we require for our work.

If f(z) is a function of the upper half-plane, k is an integer, and v = (‘Z Z) €

GLj (R), then as usual we define

(f[,7)(2) := (ad — be)% (cz +d)~F f <az-|—b) |

cz+d
(0 -1
wp 1= p 0)

and we denote by S, (I'g(p)) the subspace of Sy(I'o(p)) consisting of forms which
are invariant under the Fricke involution

Further, we define

f— f|kwp~

Also, we denote by Sp°¥(I'o(p)) the subspace of Sk(I'g(p)) spanned by newforms.

Now let Sy (To(p)) C F,[q] be the F,-vector space consisting of the reductions
modulo p of those forms in Sk(T'o(p)) with p-integral rational coefficients, and de-
fine the F,-vector spaces ggew(Fo(p)), §2‘ (To(p)), and Mk(I‘o(p)) in the analogous
fashion. In the same way, let M, (respectively §k) be the spaces of reductions
modulo p of modular forms (respectively cusp forms) on SLa(Z).

There is a well-known isomorphism (see Serre [Se|, Theorem 11)

Ms(To(p)) 22 M1
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In fact, considering Ms(T'o(p)) and M,H_l as IF,,-subspaces of Fp,[¢], this isomorphism
is an equality. The following theorem contains further results in this direction.
Theorem 4.1. Let p > 5 be an odd prime.

(a) Suppose that k > 2. Then g}gew(Fo(p)) C §(k,1)p+1.

(b) Ifk € {2,4, 6,8, 10, 14}, then Sk(ro(p)) = S(k—l)p+1-

- ~
(c) Suppose that k > 2. Then S; (Lo(p)) € Sk (pq1)-
The remainder of the section is devoted to the proof of Theorem 4.1. Our

arguments follow those of Serre [Se], §3. For even integers k > 4, let By be the k-th
Bernoulli number, and define the Eisenstein series Ej(z) € M}, by

We define operators V,, and U, on C[q¢] by

Z a(n)q"|V, = Z a(n)g®™,
n=0 n=0
Z a(n)q"|Up := Z a(pn)q™.
n=0 n=0

For p > 5 we define
h(z) := Ep-1(2) — pp_lEp—l(Z)|Vp-

By [Se], Lemma 8, we have

(4.1) h(z)=1 (mod p),
(4.2) h(z))“/\(p_l)wp =0 (mod pk(p;l)) for A > 0.

Let Ay, ..., Apt1 be representatives for the coset space T'o(p)\I'. We define the
trace of a modular form f € My(To(p)) by

p+1

Tr(f) =3 flAse

By Lemma 7 of [Se], we have

Te(f) = f +p' "% (f],wp) |Up-

It is clear that Tr(f) € M (and that Tr(f) is a cusp form if f is a cusp form).
Moreover, if f has rational coefficients, then the same is true of Tr(f).

In general, if f(z) =Y.~ ,a(n)q™ is a holomorphic modular form with rational
coeflicients, then we take

ord,(f) := inf ord,(a(n)).
We record three lemmas for convenience.

Lemma 4.2. Suppose that f € My(To(p)) has rational Fourier coefficients and
that X\ is a non-negative integer. Then

ord, (Tr(fhk) — fh/\) >1—%4+X+ord, (f|kwp) .
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Proof. We have
Te(FRY) — fiA = p 2D (£l 0wy ) [0
From this and (£2) we obtain

ord, (Tr(fh*) — fh) > 1= L(k+Ap—1)) + Lp; D)

+ ord, (f‘kwp) .

The result follows. O

Lemma 4.3. Suppose that f € SpV(To(p)) and that f has rational p-integral
coefficients. Then Tr(fh*~1) € S(k—1)p+1 has rational p-integral coefficients and
satisfies

Te(fR1) = (mod p).
Proof. That Tr(fh*=1) € S(k—1)p+1 18 clear. To prove the congruence, we write
Te(fRP1) = f = (Te(fFRF1) — fRA71) + f(RP1 = 1),
In view of (&I]), we only need to show that
ord,, (Tr(fh*~1) — fRF=1) > 0.
By Lemma 4.2, we have
(4.3) ord, (Tr(fh*~) — fR* 1) > £ + ord, (f}kwp) .
Because f € Sp¥(T'o(p)), we have Tr (f|kwp) = 0. Together with the fact that
Tr (f‘kwp) = f‘kwp +p17%f|Up,
this shows that
(4.4) ord, (f|kwp) >1- 4
The lemma then follows from (£3) and (Z4). O

Lemma 4.4. Suppose that f € Mp(To(p)) has rational coefficients, and suppose

further that f and f}kwp are both p-integral. Then the modular form Tr( fhg) s in
M, 11y and satisfies

Tr(fh%) =f (mod p).

Proof. This follows from Lemma 4.2 in the same manner as Lemma 4.3. (]
Proof of Theorem 4.1. Part (a) follows immediately from Lemma 4.3. Part (c)
follows in a similar manner from Lemma 4.4, since f|yw, = f for all f € S} (To(p)).

To prove part (b), suppose that k£ € {2,4,6,8,10,14}. Then Si(Io(p)) =
Spe¥(To(p)); therefore by part (a) we need only show that dimg, Si(I'o(p)) =
dimp, g(k_l)p_H, or equivalently that
(45) dim(c Sk (Po (p)) = dim(c S(k—l)p+1-

By classical dimension formulas we have

(4.6) dime Sip—1)p41 = m((k — 1)p + 1),
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where m(k) is defined in (L4). For k = 2, (4H) can be verified using (I5) and
(E6). Suppose then that & > 4. By combining Proposition 1.43 and Theorem 2.24
of [Sh|, we observe that for all even k > 4 we have

(4.7) dime Si(To(p)) = gp(k —1) — 1+ (1 + (%)) EJ + (1 + (?)) EJ .

It is now a matter of checking the various cases to confirm that the values in ()
and ([@T) are the same for k € {4,6,8,10,14} and for all p, and we do not include
the details here. (]

5. PROOF OF THEOREM 2
We begin with a lemma.
Lemma 5.1. If p > 23 is prime and W is the Wronskian of H"(Xo(p)), then

Wy (gp-1)2r— 120 = W

Proof. Let S5,.(T'o(p)) be the subspace of S, (I'g(p)) corresponding to H" (X (p)) as
described in Section 2. Since the Atkin-Lehner involution w,, is an automorphism of
Xo(p), it acts also on the space H"(Xo(p)); therefore the map f — f|2rwp defines
an action on S3,(Io(p)). Since w2 = 1 (and the characteristic is not two), the
operator defined by this action is diagonalizable on S5, (I'g(p)). We may therefore

choose a basis {hq, ..., hq} of S5.(I'9(p)) such that
(5.1) hil, wp = Aihi  with A; € {£1}, 1<i<d.

It clearly suffices to prove the assertion in the lemma with W replaced by W :=
W(ha,...,hq). From (&J)) it follows that for each ¢ we have

(5.2) hi(—1/pz) = \ip" 2% hy(2).
Using (£2)) and induction, we find that for each ¢ and for all n > 1 we have

n—1
(5.3) W™ (=1/pz) = A | P2 () + Y A (p )R (2) |
=0

where each A, ; is a polynomial in p and z which is independent of ¢. From the
definition (BI) together with (B3]) and properties of determinants, we conclude
that

1/pz <H s ) . p%gp(91)_1)(27"_1)2ng(gp_l)(QT—l)zW(Z).

The lemma follows. O

Our next proposition is a general version of [A-Ol Lemma 3]. For the remainder
2mi

we agree that p:=e™3 .

Proposition 5.2. Suppose that

)=4q"+ Z n)q" € Sp(To(p))

n=h+1
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has rational p-integral coefficients and that W|kwp =4W. Let ,V[v/(z) be the modular

form
II wia

A€To(p)\T

normalized to have leading coefficient 1. Then W e Sk(p+1) W has rational p-
integral coefficients, and

W=W? (mod p).
Moreover, if T € H, then let Q, € Yo(p) be the point corresponding to T under the
natural identification. Then we have

. . r
ord,, W = Z ordg, W(z)(dz)z if 1o € H, 70 %1i,p,
7€l (p)\H
r
T~TO

ord; W =2 > ordg, W(2)(d2)% + (14 (5)) 5,
TeFolgp‘)\H

ord, W =3 Tzw: ordg, W(z)(dz)g + (1 + (%)) k.

T€To(p)\H

r
T~p

(5.4)

Proof. Since [I' : Tg(p)] = p + 1, it is clear that W e Sk(p+1)- The identity matrix
together with the matrices A; := ((1) 31 ), 0 <j < p-—1, form a complete set of coset
representatives for the space I'g(p)\I'. Moreover, for each j we have A; = w,Bj,

where B; = (1(/)” j{p ). Therefore

p—1 p—1
(5.5) [Iwl.4 =] W|.5B;
=0 j=0

Now let {c(n)}S2; denote the unique sequence of exponents which (in a small
neighborhood of infinity) express W(z) as an infinite product of the form

W(z)=q¢" [](1—qg")™

(see Lemma 2.1 of [B-K-OJ). Then each ¢(n) is a p-integral rational number. There-

fore, setting (p, := e%, we find that the product in (B35) (after normalization) is
given by

oo p—1
" TTT]—ar ™ =¢" [ — g™ JJ1 = g¥)ret
n=1j=0 pin pln

=¢"[J(1=¢")™ (mod p).
n=1

The asserted congruence follows.
To prove the remaining statements, we begin with the fact that for A € T" and
7 € H, we have

(5.6) ord-(W|, A) = ord () W.
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For 7 € H, let ¢, € {1,2,3} denote the order of the isotropy subgroup of 7 in
To(p)/{£I}. Then we have

K
(5.7) ord, W = {, -ordg, W(z)(dz)2 + 4(¢; — 1)
(see, for example, §2.4 of [Sh]). The first assertion in (4] follows immediately

from (B8) and (B7).
To prove the second assertion, we must consider the list of points [A(¢)] aer p)\r-
We first note that the point i = ((1) ’Ol)i appears twice in this list. Since i is

stabilized in I'/ =T by I and ((1) _01 ), we see that the list contains 1 + (%) elliptic
fixed points of order 2 which are I'g(p)-inequivalent; these are the points —1/(i+7),
where j2 = —1 (mod p). Finally, if 1 < j < p—1 has j2 # —1 (mod p), and
we define j/ by jj° = —1 (mod p), then we see that the points —1/(i + j) and
—1/(i+j") are I'y(p)-equivalent; the remainder of the list above therefore consists of

P
we conclude, using (5.6)), that

ord; W = Z ordy) W =2 Z ord, W + Z ord, W.
A€eTo(p)\I' T€To(p)\H 7€y (p)\H
rRi, 6r=1 TRi, £,=2

% p— (;1) — 2 orbits, each of which contains such a pair. After this discussion,

The second assertion now follows from (5.7). The third follows in a similar fashion,
and we do not include the details here. ]

Now suppose that 2 < r < 5. Let {f1,..., fa} be the basis of 53,(To(p)) de-
scribed in (Z2)-(Z4), and let V' be the Vandermonde determinant displayed in
(B4). Since we assume that H"(Xo(p)) is good at p, we conclude by part (b) of
Theorem 4.1 that there exist forms Fi, ..., Fy € S(2,_1)p+1 with rational p-integral
coefficients and such that

fi=F;, (mod p), 1<i<d.
Therefore, recalling (B3)) and using Lemma 3.1, we see that

d(d—1) d(d—1)

1 1 2 1 1 2
WV(TM) W(fl;'-'7fd)_v<%> W(Fi,...,Fq) (mod p).
We now define o
1/1\ =
G(z) = % <%) W(Fy,...,Fq)(z).

An argument using properties of determinants as in Lemma 3.1 shows that G €
Sd(2rp—p+d)- Moreover, if W € S(p+1)g,,(gp71)(2r71)2 is the form

II W,6-ne—:A4
A€eTo(p)\I'

(after normalization) described in Proposition 5.2, then we have
W=G? (mod p).
Using the fact that d = (2r — 1)(gp — 1), we conclude that
—~ 2
(5.8) W = G2EZ(3"1—1) (9p—1)(9p—2) (mod p),

where these forms have the same weight.
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To complete the proof requires some introduction of notation. In particular, if
k > 4 is even, then define Ej(z) by

1 ifk=0 (mod 12),
E4(2)?Eg(2) if k=2 (mod 12),
Bu(z) = E.(2) ifk=4 (mod 12),
Es(2) ifk=6 (mod 12),
INEE ifk=8 (mod 12),
E4(2)Es(z) if k=10 (mod 12).

Also, let
E4(Z)‘3 — E6(2)2
1728
be the unique normalized cusp form of weight 12 on SLy(Z). If f € M}, has leading

A(z) :=

coefficient 1, then we define F (f,x) as the unique rational function in z for which

£(2) = A" Ey(2)F(f, j(2)),

where m(k) is defined as in ([[L4). A straightforward argument (see, for example,
Lemma 2.1 of [A=Q]) shows that F'(f,z) is in fact a polynomial. Moreover, it is not
hard to show that F (f, x) has p-integral rational coefficients whenever the modular
form f does.

Since the forms appearing in (.8) have the same weight, we conclude that

(5.9) ﬁ(VN\/, x) = ﬁ(GQEZ(znl_l)z(gp_l)(gp_Q),:c) (mod p).
We now require a result from [A-O] (cf. [G], Theorem 2.4).

Proposition 5.3 (JA=Q], Theorem 2.3). Suppose that p > 5 is prime and that
f € My, has p-integral rational coefficients. Define the polynomial Cp(k;x) by

Cp(ka)

x if (k,p) =(2,5),(8,5),(8,11) (mod 12),

CJa 178 i (kp) = (2,7),(6,7),(10,7), (6, 11), (10,11)  (mod 12),
x(x —1728) if (k,p) =(2,11) (mod 12),
1 otherwise.

Then N
F(fEp1,2) = F(By-1,2) - F(f,2) - Cy(k;z) (mod p).

Recalling that the weight of the modular form G? appearing in (5.8) is 2d(2rp —
p+ d), we define the polynomial Gy, ,-(x) by

Gpr()
(2r—1)%(gp—1)(gp—2)
= I G eiem—prd+(@-126-De-2)-1) b - i),

Then, using (5:9) and Proposition 5.3, we see that
(5.10) F(W,z) = Gypp(x)  F(E,_y, )2V @062 F(G2 ) (mod p).
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Using ([LTl), we may write

(2r—1)(g,—=1)(9,—2)
Gpr(2) = II Cp((2r = 1)%gp(9p — D+ 1) —jlp — 1) s 2).

j=1

A case-by-case computation using Proposition 5.3 shows that G, .(z) = fp-(2),
where fp(z) is defined in (LI0). We now require another lemma.

Lemma 5.4. Define k* € {0,1,2} by

E = (p+1)gp(gp—1)(2r — 1) (mod 3).
Then

f(VNV, x) = Fé'“) (z) - 20(P) (z — 1728)67,(1‘)7

where

ep(p) == (1 + <$)) gp(gpg— D@2r—1)2 - k*7

(1 () sler - nr =12
ep(i) == 1 :

Proof. Recall that j(z) vanishes to order 3 at z = p and that j(z) — 1728 vanishes
to order 2 at z = 4; at all other points 79 € I'\H we have ord,—,, (j(2) — j(70)) = 1.
Using this together with the definition of the polynomial F , we see that if 7p € T'\H,
then the exponent of (z — j(70)) in the factorization of F(W,z) is given by

ord, VK if 9 #£1,p,
%ordiW if T0 :i,
t(ord, W —k*) if 70 =p.
The lemma follows from this fact together with (I7), (32)), and (&4)). O

Deligne (see, for example, [Sw] or Theorem 2.2 of [G]) showed that E,_; is
congruent to the Hasse invariant in characteristic p. In the present language (see
also [K-Z]), we have

F(By1,2) = S)(x) (mod p).

Combining this fact with (5.10) and Lemma 5.4, we see that
(5.11)
FIET)(x)-xep(p)(x—1728)ep(i> = four(x)-S; (x)(2“1)2(9f1>(9r2)-F(G2,x) (mod p).

In every case we see that x(?) (z —1728)r() is coprime to f, () -8y (x). Therefore
Theorem 2 follows from (G.IT).
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